We develop an observer-based boundary controller for the rotary table to suppress stick-slip oscillations and to maintain the angular velocity of the drill string at a desired value during a drilling process despite unknown friction torque and by using only surface measurements. The control design is based on a distributed model of the drill string. The obtained infinite dimensional model is converted to an ordinary differential equation-partial differential equation (ODE-PDE) coupled system. The observer-based controller is designed by reformulating the problem as the stabilization of an linear time-invariant (LTI) system which is affected by a constant unknown disturbance and has simultaneous actuator and sensor delays. The main contribution of the controller is that it requires only surface measurements. We prove that the equilibrium of the closed-loop system is exponentially stable, and that the angular velocity regulation is achieved with the estimations of unknown friction torque and drill bit velocity. The effectiveness of the controller is demonstrated using numerical simulations.
Introduction
A drilling process is employed in exploitation of underground energy sources. A drill bit cuts through the rock until it reaches the reservoir. The drill bit is connected to the surface through a drill string which is rotated by a rotary table. The schematic view of a drilling system is given in Fig. 1 . Oscillations of the drill string are the primary source of inefficiencies and damages encountered during the drilling process. These oscillations can be grouped into three categories: longitudinal oscillations (bit-bouncing), lateral oscillations (whirling), and torsional vibrations (stick-slip oscillations) [1] . Since these oscillations occur on various and distinct time scales, it is possible to consider them separately [2] . Compensating oscillations in a drilling process helps to reduce the operation time and the cost of production as well as preventing serious damages. In this study, the stick-slip oscillations are considered.
The main reason of stick-slip oscillations is the difference between static and dynamic frictions [3] . Although the drill bit sticks to a rock due to high static friction, the rotary table at the surface keeps rotating the drill string at a constant angular velocity. When sufficient torque is reached to overcome the static friction, the stationary drill bit slips and can, temporally, achieve angular velocities of up to six times the nominal rotational speed. The drill bit keeps sticking and slipping unless some system parameter is altered. The experimental data of this phenomenon are given in Fig. 2 .
A drilling system consists of three effective actuators. These include weight-on-bit (WoB), torque of the rotary table, and drilling fluid system characterized by the mud type and flow rate [4] .
Since changing the mud type and flow rate results in long delays, this particular input is not preferred for the control design.
Control approaches differ from each other with respect to the considered mathematical model, measurements used in feedback, the selection of actuators, and the design technique of control/ observer algorithms. The first control algorithm is given as a proportional controller for the rotary table without considering any mathematical model [5] . This approach is improved with frequency domain analysis, and a feedback law is developed for the voltage of the electric motor which drives the rotary table, in Ref. [6] . However, these approaches are not intended to compensate for the stick-slip oscillations in the string. They only achieve to provide an active damping for the equipment at the surface.
The mathematical model of a drill string with its bottom hole assembly (drill bit-friction dynamics) and surface equipments (rotary table) can be obtained by two different approaches: (a) a lumped system, a set of ordinary differential equations (ODEs) and (b) a distributed system, a set of partial differential equations (PDEs). Several control algorithms are developed based on linear and nonlinear ODE models by considering different control/ Fig. 1 The illustration of a drilling system and a string [15] Fig . 2 The angular velocities of the drill bit and the rotary table  are given when the stick-slip oscillation occurs in the system. The angular velocity of the rotary table (dashed) is almost constant, whereas the velocity of the drill bit (solid) oscillates in a wide range [6] .
observer design techniques such as linear quadratic regulator [7] , H 1 control [8] , and sliding mode control [9] . In all of these algorithms, the friction dynamics and the angular velocity of the drill bit are assumed to be known without any restrictions. Although there are existing techniques, called measurement while drilling (MWD), to measure the velocity of a drill bit, this equipment increases the cost, and the battery life of the unit might be problematic in a long process. Moreover, the bottom measurement reaches the surface with a low sampling rate and/or a delay which further increases as the well gets deeper. In Ref. [10] , a state observer technique is developed based on a linear ODE model to estimate the state of the drill bit, and a drilling oscillation killer mechanism is introduced in Ref. [11] .
Although a lumped system approach is useful to analyze the system and design control/observer algorithms, it is shown that a distributed system model of a drill string which is represented by a set of ODEs-PDEs is able to capture the essential features of the system and presents the real situation better than a lumped approach [12] . The literature investigating stick-slip oscillations based on a distributed system is limited. The analysis of the system based on the distributed model can be found in Refs. [13] and [14] . Control designs using backstepping and flatness approaches are given in Ref. [15] . However, these designs are not implementable, since it is assumed that not only states of the boundaries but all the domain of a drill string is available for measurement. Recent studies have provided an alternative approach for the compensation of oscillations by using the measurements of the top and bottom states [16, 17] .
In this paper, we design an observer-based boundary controller for the rotary table based on a distributed system model. It is designed to compensate for the stick-slip oscillations and to regulate the drill string velocity, despite an unknown friction torque. The main difference from Ref. [17] is that we use only surface measurements in the design. By employing intermediate Riemann variables, we transform the system to a coupled ODE-PDE and approach the problem as the stabilization of an LTI system which is affected by a constant unknown disturbance and has delays in actuator and sensor channels simultaneously.
The problem statement as well as the model of the drill string is provided in Sec. 2. An observer for both unmeasured bottom state and unknown friction torque is given in Sec. 3. In Sec. 4, the steps of backstepping design are carried out, and an observer-based boundary controller is given with the stability theorem. The proof is given in Sec. 5. A numerical simulation example is presented in Sec. 6.
Drill String Model and Problem Statement
From Refs. [14] and [15] , we obtain the following infinite dimensional model:
with s > 0 and spatial coordinate n 2 0; L ½ . Here, n ¼ 0 and n ¼ L indicate top and bottom of the drill string, respectively. The boundary conditions are
where h n; s ð Þ is the angle of rotation, L is the length of pipe, G is the shear modulus constant, J is the polar moment of inertia, b is the string damping, and c a is a constant for twist in the pipe. The inertia of drill pipe per unit length and the inertia of bottom hole assembly are represented by I d and I b , respectively. The boundary condition (2) represents the actuation at the surface, and the drill bit dynamics are modeled by Eq. (3). The function X s ð Þ represents angular velocity of the rotor which rotates the drill string at the surface. The model of dry friction and viscous damping due to the pumped mud at the drill bit is given by function T h s L; s ð Þ ð Þ . In
Refs. [15] and [18] , the smoothed approximation of friction model is given by
where c b is the viscous damping torque constant at the bit, and a 1 ; a 2 ; a 3 are friction parameters. The term T d represents the weight-on-bit. The plots of T x ð Þ=T 20 ð Þ and dT x ð Þ=dx À Á are given in Fig. 3 .
We consider the problem of stick-slip oscillations in an oil well drill string. Applying the following change of variables:
we obtain
where
The main aim of the controller is to stabilize the angular velocity, u t :; t ð Þ, around a given uniform rotatory speed u r t . From the motion planning approach for PDEs given in Ref. [19] , corresponding reference trajectory is in the form of
with the following steady-state control input:
From the parameter values given in Ref. [15] (see Table 1 ), it is seen that the damping term k is very small. In Ref. [20] , it is proved that the stabilization and convergence are still valid in the case of in-domain viscous damping using a controller that is designed by neglecting small enough damping terms. Therefore, Fig. 3 The plot of normalized friction torque (top) and its derivative with respect to angular velocity are given (bottom). The value of torque changes dramatically around x 5 0, but its value is almost constant for higher magnitudes. A reasonable penetration is obtained for x > 5, and usually x 5 10 is chosen for an optimal drilling process. As it is shown by the marker, the change of friction torque is approximately zero at around x 5 10 (i.e., (dT (x)=dx)j x 5 10 % 0).
we neglect the damping term k in Eq. (6) for the purpose of the control design. Linearizing the nonlinear friction function around desired angular velocity u r t , we obtain the following dynamics:
As it is presented in Fig. 3 , the variation of torque at a desired operating point that is higher than 5 rad=s is predictable, and it is approximately zero. Therefore, it can be assumed that the value of q is known. On the other hand, the value of friction torque depends on the type of rock and some other parameters in the operation. Thus, a priori knowledge of d is not always possible. In this article, we consider the case where term q is known but d ¼ ÀF u r t ð Þ is completely unknown, and the measurement of bottom hole assembly (drill bit) is not available for feedback. We design a boundary controller using only surface measurements.
Following the approach given in Ref. [17] , we employ the following intermediate Riemann variables:
whered t ð Þ denotes the estimate of unknown term d, and transform the dynamics (11)-(13) into the following:
The solution of transport PDEs, Eqs. (18) and (20) , is given by
Using Eq. (22), we obtain n 0;
By setting x ¼ 1, from Eqs. (15) and (24), we obtain
From Eqs. (12) and (16) 
Equation (27) 
Noting that u tt 0; t ð Þ ¼ du t 0; t ð Þ=dt À Á and considering u t 0; t ð Þ as the system state and W t ð Þ þd t À 1 ð Þas the input, we reformulate the problem as the stabilization of an LTI system affected by an unknown constant disturbance in the presence of simultaneous actuator and sensor delays.
Parameter Identifier and State Observer Designs
Before designing a control law, we need to overcome two challenges: (1) (27) . In this section, we design an observer for both state u t 0; t ð Þ and unknown d. We aim to represent the unmeasured state and the unknown disturbance in a form of an augmented system so that we can employ an existing technique for the observer design. The following intermediate steps lead us to the desired representation.
Using Eqs. (16) and (22), we get
Setting x ¼ 0 in Eq. (14) and subtracting from Eq. (29) yield
Substituting Eq. (30) into Eq. (13) and adding subtracting 6au r t , we get
The augmented dynamics is written as
The delayed measurement (27) is represented through the following transport PDE:
In order to clarify the above representation, it should be noted that the solution of Eqs. (35) and (36) is given by y x; t ð Þ ¼ CX t þ x À 1 ð Þ . The transport PDE representation of the measurement delay allows us to employ a backstepping method for the observer design [21] . Using this representation, it is possible to construct a Lyapunov function that enables an adaptive design and stability analysis. Following the result given in Refs. [21] and [22] , we design the observer as follows:
where the observer gain L 2 R 2Â1 is chosen so that A À LC ð Þis Hurwitz and the stateX
represents the estimate of X(t). Remark 1. The observability matrix corresponding to the pair
Since the square matrix, O, is invertible for a 6 ¼ 0, the pair (C, A) is observable. Therefore, there exists an L such that A À LC ð Þis Hurwitz. The observer has both finite, Eq. (38), and infinite, Eqs. (39) and (40), dimensional parts. As it is seen in Eq. (38), the boundary of the infinite dimensional part,ŷ 0; t ð Þ, is one of the inputs of the finite dimensional part. In order to implement the observer, the solution ofŷ 0; t ð Þ needs to be given. 
In Sec. 4, we design an observer-based boundary controller for U(t).
Observer-Based Boundary Control Design
The constant desired drill bit angular velocity is defined as u r t . From Eq. (17) and recalling u t 0; t ð Þ ¼ u t 0; t ð ÞÀ u r t , we obtain the following error dynamics:
This equation can be seen as a first-order ODE that represents the dynamics of u t 0; t ð Þ. The control input of the system is n 0; t ð Þ. Considering Eqs. (18) and (19) , the dynamics of n x; t ð Þ, the problem can be approached as a control design for systems with delay in the input channel. We follow the infinite dimensional backstepping technique which is given in Refs. [21] and [22] for the design. This technique relies on finding an invertible state transformation that transfers the original system to a target system whose equilibrium is exponentially stable. To this end, we propose the following transformation:
where k is a positive constant and is chosen as k > q. The control signal is obtained by setting w c 1; t ð Þ ¼ 0, i.e., determining the boundary of the transformation. Thus, using Eqs. (16), (19) , and (22) , the control law is given by
The transformation, Eq. (47), and the control law, Eq. (48), are inspired by Ref. [21] where a predictor-based full-state feedback control law is designed for a known LTI system. However, in our case, the state is not measured, and there is an unknown constant disturbance in the system. Therefore, we apply the certainty equivalence principle. Recalling Eq. (41), it should be emphasized thatd t ð Þ and u t 0; t ð Þ are generated by Eq. (38). The following theorem gives the properties of the closed-loop system. THEOREM 1. Consider the closed-loop system consisting of the plant (11)- (13), the controller (48), and the observer (38)-(40). Recalling Eqs. (27) and (35)-(37) and defining
there exist l > 0 and l > 0 such that
i.e., the equilibrium of the closed-loop system is exponentially stable in the sense of norm,
The proof of Theorem is given in Sec. 5.
Stability Proof
The proof of the Theorem has three main parts: first, the closedloop system is transformed to a target system by using appropriate state transformations, second, it is shown that the equilibrium of the target system is exponentially stable, and finally by applying the inverse transformation, Theorem 1 is proved.
Subtracting Eqs. (38), (39), and (40) from Eqs. (32), (35), and (36), respectively, and using Eq. (34), we obtain the following error system:
y t x; t ð Þ ¼ỹ x x; t ð ÞÀ Ce Ax Lỹ 0; t ð Þ (52)
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Transactions of the ASME whereỹ
Ã T and calculating the matrix exponential, we get
The transformation given by Eq. (47) and the following transformation:
map Eqs. (18), (19), (46), and (51)- (53) into the following target system:
From Eqs. (39), (34), and (57), we have
Moreover, from Eqs. (21), (47), (34), and (55), we get 
Numerical Simulations
We first simulate u(x, t) whose dynamics are given by Eqs. (6)- (8), and then the actual state h n; s ð Þ is obtained by using Eq. (5). We employ a finite difference method (FDM) for the simulation of open and closed-loop systems. This method is based on discretization of the domain and solving the obtained ordinary differential equations whose number depends on the number of nodes [23] . The values of parameters used in the simulation are given in Table 1 . We employ 20 nodes for the simulation. Based on the given parameter values, the rate of change of friction torque at u r t ¼ 10 rad=s is calculated as
We implement both the controller proposed in this paper and the one given in Ref. [17] which requires the state measurements of bottom but is designed for unknown q. In order to make a better comparison and to show the effect of bottom state measurement, we consider q ¼ 0 in both controllers. The design parameters are chosen as follows: for proposed controller, k ¼ 2 and L chosen such that the eigenvalues of AÀLC are at À1 and À 1:5. For the controller given in Ref. [17] , control and update gains are 2 and 0:5, respectively. The simulation results are given in Figs. 4-6 . The controller is turned on at around t ¼ 17. The simulation results of the angular velocities for both controllers are given in Fig. 4(a) . The drill string oscillates until the controllers are turned on. The oscillation range of the drill bit is quite large due to the stick-slip effect. Moreover, the angular velocity of the surface is not constant and is also in oscillation despite constant rotary table speed which is presented in Table 1 The values of the parameters used in the numerical simulation The controllers are turned on at around t 5 17 s: (a) The system responses for the proposed controller and the one given in Ref. [17] . Until the controller is activated, the drill bit is oscillating in a wide range due to the stick-slip phenomena. When the controllers are turned on at around t 5 17 s, from top to bottom, the drill string starts rotating at the desired value, 10 rad=s. The performances of the controllers are almost the same. (b) The angular velocities of drill bit, i.e., the bottom (solid) and its estimate (dashed), which is obtained by the proposed observer are given. The estimation is almost perfect when the system gets closer to the linearization point of friction torque and the error becomes zero once the controller is activated. Fig. 5 The angular velocities of the rotary table for both the proposed controller (solid) and the one given in Ref. [17] (dashed) are given Fig. 5 . When the controllers are activated, the effect of stick-slip oscillations on the drill string is suppressed, and the angular velocities at the top and the bottom tend to the desired value which is 10 rad=s for the given example [24] [25] [26] [27] . Although the proposed controller does not require the measurement of the bottom state, the performances of the applied controllers are almost same. The control efforts, which are the angular velocity of the rotary table, for both controllers are also similar to each other as it is given in Fig. 5 . The simulation results for the estimation of unknown parameter d are given in Fig. 6 . As it is proved in Sec. 5 and also in Ref. [17] , perfect estimation can be achieved in the closed-loop case. Therefore, the parameter estimations have an error during the open-loop case, but both of them converge to the real value of d when controllers are turned on. Figure 4 (b) presents the estimation and the real value of the angular velocity of the drill bit. There exists estimation error when the system is far from the operation point due to the linearization of friction function. However, the estimation is almost perfect when the system gets closer to the linearization point. Moreover, the estimation error becomes zero once the controller is activated.
Conclusions
We design an observer-based boundary controller to suppress stick-slip oscillations and to maintain the drill bit velocity at a desired value. This is done for the case where the value of friction torque at the operating point is unknown and the only measurements for feedback are the surface states. We consider a distributed model of the drill string. Employing Riemann variables, we convert the problem of boundary control design for a wave PDE to a stabilization problem of an LTI system in the presence of simultaneous actuator, sensor delays, and unknown constant disturbance. We demonstrate the effects of controller and observer designs in simulations and compare their performances with the existing technique developed for the case where the drill bit velocity is measured.
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